Abstract. We focus on the differential geometry of the Bour's minimal surface in Euclidean 3-space. We also calculate the mean curvature, the Gaussian curvature, class, degree, index, total curvature, irreducible implicit equation of the incomplete surface. Furthermore, we reveal amazing figures.
Introduction
The origins of minimal surface theory can be traced back to 1744 with the Swedish mathematician Leonhard Euler's paper, and to the 1760 French mathematician Joseph Louis Lagrange's paper.
A minimal surface in E 3 is a regular surface for which the mean curvature vanishes identically. This is a definition of Lagrange, who first defined minimal surface in 1760.
In Riemannian geometry, early classical minimal surfaces are known by almost all the mathematicians, especially the geometers. A few of them, however, have very little knowledge about the Bour's minimal surface.
In 1862, the French mathematician Jacques EdmondÉmile Bour used semigeodesic coordinates and found a number of new cases of deformations of surfaces. He gave a well known theorem about the helicoidal and rotational surfaces. And also the Bour-Enneper equation (today called the sine-Gordon wave equation) used in soliton theory and quantum field theories in Physics was first set down by Bour. Minimal surfaces applicable onto a rotational surface were first determined by E. Bour [1] in the Weierstrass representation equations, where s, C ∈ C, m ∈ R, and F(s) is an analytic function. For C = 1, m = 0 we obtain the Catenoid, C = i, m = 0, the right Helicoid, C = 1, m = 2, Enneper's surface (see also [6] ). In his book, Alfred Gray [2] gave the complex forms of the Bour's curve and surface of value m in 1997.
Güler [3] shows that a generalized helicoid with lightlike profile curve is isometric to a rotational surface with lightlike profile curve, by Bour's theorem in Minkowski 3-space. In addition, he determine these surfaces, with the additional conditions that they are minimal and have the same Gauss map. Güler, Yaylı and Hacısalihoglu establish some relations between the Laplace-Beltrami operator and the curvatures of helicoidal surfaces in 3-Euclidean space. In addition, Bour's theorem on the Gauss map, and some special examples are given in [4] . Some geometric properties of the timelike rotational surfaces with lightlike profile curve of (S,L), (T,L) and (L,L)-types is shown in Minkowski 3-space in [5] .
We study on Bour's minimal surface and reveal it in this paper.
Preliminaries
Throughout this work, we shall identify a vector − → x = (u, v, w) with its transpose − → x t , the surfaces will be smooth, and simply connected. Let E 3 be a three dimensional Euclidean space with natural metric
C.F. Gauss contracted to undertake a geodetic survey, for the German state of Hanover, in order to link up with the existing Danish grid in 1818. With the help of this surveying, he invented the heliotrope, an instrument used in geodetic surveying for making long distance observations by means of the sun's rays throwing from a mirror. Then Gauss realized a good map (for a given, general surface) should exactly reflect angles between intersecting curves. Infinitesimal squares were mapped by map x to infinitesimal squares on surface. He obtained a map, and called conformal if satisfy
where u, v are local isothermic parameters. A conformal map is a function which preserves the angles. Conformal map preserves both angles and shape of infinitesimal squares, but not necessarily their size. An important family of examples of conformal maps comes from complex analysis. If U is an open subset of the complex plane C, then a function f : U −→ C is conformal iff it is holomorphic (or complex differentiable) and its derivative is everywhere non-zero on U.
where ζ ∈ U, and Ψ
Ψ is a regular minimal curve. A minimal surface is the associated family of a minimal curve. Now, we give the Weierstrass representation theorem for minimal surfaces in E 3 [8] , discovered by K. Weierstrass in 1866.
Theorem 1. Let F and G be two holomorphic functions defined on a simply connected open subset U of C such that F does not vanish on U. Then the map
, and x is called the Weierstrass patch, determined by F (ζ) and G (ζ) .
give rise to the Weierstrass representation of Ψ. That is
In section 3, we revisited the Bour's surface B m , and show that it is minimal in three dimensional Euclidean space E 3 . We focus on the Bour's minimal surface B 3 in section 4. We obtain the equations of the surfaces, and the figures for some values of m in section 5. Finally, we give some remarks about Bour's minimal surface B 3 in the last section.
Bour's surface B m
Now, we give some lemmas and a theorem for the Bour's surface B m . 
Proof. Using differential ζ of the Bour's curve of value m, we have
Hence we get
Bour's minimal surface of value m is the associated family of Bour's minimal curve. Now, we give the surface B m using Weierstrass patch.
Lemma 3. The Weierstrass patch determined by the functions
and G (ζ) = ζ is a representation of the Bour's surface of value m ∈ R in E 3 .
The Weierstrass representation of the Bour's surface is
where m ∈ R, Hence, the associated family of the surfaces is described by
m (r, θ) . When α = 0, (resp., α = π/2) we have the Bour's surface of value m (resp., the conjugate surface B * m ). Next, we give a theorem about minimality of B m . Theorem 2. Bour's surface of value m
Proof. The coefficients of the first fundamental form of the Bour's surface are
So, we have det I = r 4m−6 1 + r 2 4 .
The Gauss map of the surface is
The coefficients of the second fundamental form of the Bour's surface are
We have det II = −4r 2m−2 .
Hence, the mean and the Gaussian curvatures of the Bour's surface of value m, respectively, are
Finally, we say the Bour's minimal surface B m is a minimal surface, and has negative Gaussian curvature.
Bour's minimal surface B 3
In this section, we describe the surface B 3 with some special cases. First of all, we give some important definitions on surfaces.
If
|Φ i | 2 = 0 holds are called branch points of the surface. The Bour's minimal curve of value 3 (see Fig. 1 ) is intersects itself three times along three straight rays, which meet an angle 2π/3 at the origin in E 3 . The simplest representation
in C−{0}, gives the Bour's minimal surface of value 3 B 3 (see Fig. 2 ). The surface B 3 has self-intersections along three linear rays u = 0, u ± v √ 3 = 0 at distinct distances from the branch point O(0, 0, 0), where ζ = u + iv = r cos(θ) + ir sin(θ). Therefore, we understand the surface B 3 has only three branch cut.
The explicit equations of the Bour surface in polar coordinates are So, det I = r 6 1 + r 2 4 .
The Gauss map of the surface B 3 is e = 1 1 + r 2 2r cos(θ), 2r sin(θ), r 2 − 1 .
The coefficients of the second fundamental form of the surface are L = −2r cos (3θ) , M = 2r 2 sin (3θ) , N = 2r 3 cos (3θ) .
Then we get det II = −4r 4 .
The mean and the Gaussian curvatures of the Bour's minimal surface of value 3 are, respectively, as follow
The parametric form of the surface B 3 (see Fig. 3 ) in u, v coordinates is
where u, v ∈ R. The coefficients of the first fundamental form of the Bour's surface of value 3 are
The Gauss map of the surface B 3 is
The coefficients of the second fundamental form of the surface are
The mean and the Gaussian curvatures of the Bour's minimal surface of value 3 are
The conjugate surface of the Bour's minimal surface B 3 is
And then we can see the Cauchy-Riemann equations hold as follow
i.e. B 3 minimal, and
i.e. B 3 conformal. Therefore, we have
and (Φ) 2 = 0, Φ analytic (in each component). It also can be seen for B * 3 . Theorem 3. (K. Weierstrass, 1903) Assume that the function w = f (µ), where µ = ξ + iη and w = u + iv, is analytic in |µ − µ 0 | < r and satisfies a real algebraic relation P (ξ, η, u) = 0. Then f (µ) is an algebraic function of its argument.
An algebraic curve over a field K is an equation f (x, y) = 0, where f (x, y) is a polynomial in x and y with coefficients in K. The set of roots of a polynomial f (x, y, z) = 0. An algebraic surface is said to be of degree (order) n = max(i+j+k), where n is the maximum sum of powers of all terms a m x im y jm z km . Integral free form of the Weierstrass representation, obtained by K. Weierstrass in 1903, is
where algebraic function φ(w) and the functions f i (w) are connected by the relation
Integral free form formulas are suitable for algebraic minimal surfaces. For instance, φ(w) = 
We calculate the implicit equations, classes, and degrees of the surfaces B 2 , B 3 , B 4 , B 5 , B 6 using Sylvester and Gröbner eliminate methods. Our findings agree with Ribaucour's, and we give them in the Table 1 . We also show the relations between the degree of the algebraic function φ 2 (w) in the integral free form formulas and the class of the surfaces. We know B 2 : φ B2 (w) = and its degree is deg(B 3 ) = 16. Therefore, B 3 is an algebraic minimal surface.
The tangent plane at a point (u, v) on Bour's surface B 3 is given in terms of running coordinates x, y, z by
For the inhomogeneous tangential coordinates u = X/P, v = Y /P, and w = Z/P, where the Gauss map e = (X, Y, Z). By eliminating u and v, obtain the equation for the surface B 3 in tangential coordinates. Maximum degree of the equation gives class of Bour's surface B 3 . After some computations on B 3 we find
, and the inhomogeneous tangential coordinates and its degree is deg(γ) = 4. So, we can say the plane xz intersects the algebraic minimal surface B 3 in an algebraic curve γ (Fig. 7-a) .
Theorem 5. The Catenoid and the Enneper's surface are the unique complete regular minimal surfaces in E 3 with finite total curvature −4π [7] .
We compute the total curvature of B 3 as follow
B 3 is not regular, and not an immersion at the point 0, where F(ζ) is zero. We have |Φ i | 2 = 0 at the branch point origin, which is the only singular point of B 3 . That is, if we delete the branch point, the surface becomes incomplete. Hence, B 3 restricted to C − {0} represents a minimal immersion which is not complete. It is part of a punctured projective plane. We also see the surface does not have real periods, and its residue is Res(Φ i , 0) = 0. 
Some Remarks
We reveal some properties of the Bour's minimal surface B 3 in section 4. In some literature, however, the Weierstrass representation of the Bour's minimal surface is known as
That is, in polar coordinates, the surface is described by (see Fig. 11 )
where r ∈ [−1/2, 1/2], θ ∈ [0, 4π]. But this is not Bour's surface, and these equations are incorrect. Since Enneper's family E m is defined by (F,G) = (1, ζ m ), then the surface belongs to Enneper's family, and it is the surface E 1/2 (see Fig. 12 ).
Moreover, using Björling's formula, we find a new equation of the Bour's minimal surface as follow This surface supplies the same properties of surface B 3 . Therefore, we obtain the classical Bour's minimal surface B 3 is a branched, incomplete, not regular, not embedded (self-intersections) surface, has total curvature −4π, degree 16, class 8, index 1, and has a branch point at ζ = 0. Figure 4 Surface B 3 (r, θ) , and its curve γ (r) on plane xz Bartın University, Faculty of Science, Department of Mathematics, Bartın, Turkey, E-mail address, E. Güler: ergler@gmail.com, eguler@bartin.edu.tr
